
6( V~Y = K T - -  2~(V-ii', 
~, = t 2 ( ~ -  l ) ,  ; . > 0  

[2 (~ --  l/n), L ~ 0  

with the boundary  conditions (2.5), (2.6)~ F r o m  this it  can be deduced that the function z has  a discontinuity at 
= 0. At the point X =- 0 the densi ty  der iva t ive  5 ~ is  continuous. The solution can be cons t ruc ted  numer ica l ly .  

The densi ty  prof i le  for  n = 10 is given in Fig.  1. 
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UDC 532.542 

C h a r a c t e r i s t i c s  of the working cycle in the cyl inder  of a pis ton c o m p r e s s o r  lead to the appearance  of 
p r e s s u r e  and veloci ty  osci l la t ions  of the medium being t r anspor ted  in the associa ted  manifold sys t em,  i .e , ,  a 
pulsat ing gas  flow. Osci l la tory  gasdynamic  p r o c e s s e s  in pipes lead to an appreciable  d e c r e a s e  in eff iciency 
and re l iabi l i ty  in the use  of a c o m p r e s s o r ~  One of the m o s t  efficient  methods of decreas ing  the effect  of a pul-  
sat ing gas flow is  the matching of the init ial  sect ion of the manifold.  The e s sence  of the method consis ts  in 
fi t t ing a lumped r e s i s t ance  (load) a f t e r  that pa r t  of the manifold which is c lo se s t  to the cyl inder ,  The magnitude 
of this load is  a r r anged  to be equal to the wave r e s i s t ance  of the pipe [1]. Since the gas  osci l la t ions a re  low- 
f requency,  the load r e s i s t a n c e  turns  out to be active and nonl inear  as in a s t e ady - s t a t e  flow [2]~ Hence the pos -  
s ibi l i ty  of matching ~4th a nonl inear  r e s i s t a n c e  needs to be  inves t igated fur ther~ 

The one-d imens iona l  nons teady-s t a t e  motion of a gas  in a round pipe of constant  c r o s s  sect ion with a 
veloci ty  of motion much i e s s  than the veloci ty of sound is descr ibed  by the sy s t em of equations [3] 

O + w' = O, w + (wV~ + pv/V)' + (2~Ip)wlwl = O (O ~ x ~ 1). (1) 

The sys t em (1) has b e e n  wri t ten in d imens ion less  fo rm (the length of the pipe, the velocity of sound, and 
the equi l ibr ium gas  densi ty  a re  equal to unity), w is  the flow, p is the re la t ive  density,  3' i s  the poiytropie  in-  
dex, and X is the d imens ion less  hydraul ic  r e s i s t ance  coefficient~ A point denotes different iat ion with r e s p e c t  
to t ime t and a dash,  with r e spec t  to the x coordinate .  

The boundary conditions have  the f o r m  

u,  = ] ( o ) t )  (x  = 0); (pv - l ) / v  = (n /e )wlwl  ( z  = 1), (2) 

where  f i s  a given per iodic  function with per iod 2r ,  and V i s  the hydraulic  r e s i s t ance  coefficient  of the lumped 
i n s e r t  in the D a r c y - W e i s s b a c h  formula .  

In ~hat  follows we shall  a ssume that V >>1, ~ ~ 1, while the bas ic  nonl inear  effect  is  associa ted  with the 
act ive r e s i s t ance  fo r  x = 1~ 
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Subst i tut ing w ,  = Vw, ~, 
on: omi t t ing  the a s t e r i s k ,  

= 77(o - 1 ) , f ,  = ~?f in E q s .  (1), (2), and neglec t ing  i n v e r s e  power s  of 77, we obtain,  

~ 

[ +  w' = 0, w + &' = 0 (0~< z<~ t ) ;  (3) 
(w)o = / (o ) ,  (D1 = (wlwl)l (0~= el). (4) 

The general  solution of the l inear  sys tem (3) is  expressed  in: t e rms  of the function, G o f  argument cc(t-  x) 
and the funct ion H of  a r g u m e n t  w(t + x -  2) in the form. 

= G 4- H ,  w = G - - H .  (5) 

Setting F ( O ) =  G ( 0 ) -  H(O), we have,  f r o m  Eq.  (5) and the second condit ion of  Eq .  (4), 

2G = F(IFI 4- t), 2H = F(IF[ - -1) ,  (6) 

We obtain  the fol lowing d i f f e rence  equation fo r  de t e rmin ing  F(0~ f r o m  Eqs .  (5), (6), and the f i r s t  of c o n d i -  
t i o n s  (4): 

2] = FIF[ 4- F - - F - I F - 1 4 .  F_. (7) 

Here  and in what fol lows we use  the notat ion ~v_(0) = q~(e ,2w) .  We also r e s t r i c t  o u r s e l v e s  to f inding the 
F(O) with pe r iod  2v. We have f r o m  Eqo (7) 

F_ = F = l(co = zm, n = t ,  2, 3, ...). (8) 

In the c a s e  w = (1/2) vn (n = 1, 3,  5 . . . .  ) we r ep l ace  0 by 0 - 2w in Eq. (7) f o r  f inding F .  We then obtain 

27- = F tFI -  4- F_ - - F I F I  4- F. 

It  fol lows f r o m  this  and f r o m  Eq. (7) that  

If f _  = - f ,  then 

] + / _  = F 4, F _ , . f  - - / _  = FIF[ - -  F- IF_I .  

I f / I -v:  = --F_ = F.  

We make  the following subs t i tu t ions  in Eqo (9) in the gene ra l  ease :  

! - - / -  = 2~l~l ,  .f 4- 1- = 2cz~, F = 13(o~ + • F_ = 13(~ --~). 

We then obtain the fo l lowing  equat ion fo r  w,: 

which has the so lu t ion  

(~ + • - ( ~  -• - x l  == 2, 

(9) 

(i o) 

(11) 

/Wi - -  a S, 2~ ~" < i (12)  

F o r f ~  f _  Eq. (8 ) i s  obta ined f r o m  Igqs. (11), (12) c o r r e s p o n d i n g  to the fac t  that  the exc i ta t ion  f r equency  
is doubled.  

By way of an example  we c o n s i d e r  the case  of h a r m o n i c  exc i t a t ion  

] : e cos 0. (13) 

We have from. Eqs .  (5), (8) 
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2w(x, t) = e cos 0_ + e ~- cos 0_ I cos 0_ I -a~ cos0+l cos 0+ I + 

-i- F" cos 0+(0+ = 0 +__ ~0x, ~o = .nn, n = 1, 2 . . . .  ). (14) 

F o r  ~ <<1 the s o l u t i o n  (14) i s  c l o s e  to the h a r m o n i c  func t ion  which i s  the so lu t i on  of t h e l i n e a r  p r o b l e m ,  
Eqs .  (3), (4), with the cond i t i on  ~ ) l  = 0. Th i s  was  to be  e x p e c t e d  in v iew of  the  f ac t  tha t  the  f r e q u e n c i e s  u n d e r  
c o n s i d e r a t i o n  d i f f e r  f r o m  the  e i g e n f r e q u e n e i e s  of  the l i n e a r  p r o b l e m ,  and so  f o r  ~ << 1 n o n l i n e a r  e f f e c t s  a r e  

n e g l i g i b l e .  

F o r  ~ ~ 1 the f o r m  of  the o s c i l l a t i o n s  can  c e a s e  to be h a r m o n i c .  To e s t i m a t e  the a m p l i t u d e s  of  the  
h i g h e r - o r d e r  h a r m o n i c s  we r e p r e s e n t  Eqo (14) in  t e r m s  of the coe f f i c i en t s  of the s e r i e s  [4] 

c~ 

cos 0[cos 0] =~z_~ ah cos (2k + 1)0, a k - ~  (i--4k2) (2k + 3 ) 8  (-- 1) ~ (1 5) 

in the  f o r m  

oa 

2w = (~ + e~ cos O__ + (e - -  a:ao) cos O+ q- e 2 ~ a k [cos (2k + t )O_ - -  cos (2k q- t) 0+]. (16) 
h = i  

It  fo l lows  f r o m  Eq,  (15) tha t  the a m p l i t u d e s  of  t he  h i g h e r  h a r m o n i c s  a r e  r e l a t i v e l y  s m a l l ,  and so  a 
m a t c h i n g  r e g i m e  i s  p o s s i b l e .  

By ana logy  with l i n e a r  w a v e g u i d e s ,  m a t c h i n g  can  be  de f ined  as  the r e g i m e  in which the v e l o c i t y  equat ion  
(16) does  not  con ta in  the f i r s t  h a r m o n i c  of the  r e v e r s e  wave (the c o e f f i c i e n t  of  cos  0+ i s  z e ro ) .  In th is  c a s e  

e . . . .  ~ t.18. 
ao 8 

(1"7) 

The v e l o c i t y  a m p l i t u d e  equa t ion  (17) d i f f e r s  f r o m  a c o n s t a n t  b e c a u s e  of the s m a l l  h i g h e r  h a r m o n i c s ,  and so the 
d i f f e r e n c e  i s  not  l a r g e .  F o r  f r e q u e n c i e s  w = ( l / 2 ) v n  (n = 1, 3, 5 . . . .  ) we h a v e ,  f r o m  Eqs .  (5), (6), (10), and (13), 

2w = e cos 0_ + V'eb(O-) 4 I ~ C O S 0 + - -  l / ~ b ( 0+ ) , 

b(0) = cos 01cos 01-1/:. 
.,(18) 

By c o n t r a s t  with Eqo (14), when e <<1 the v e l o c i t y  w ~ ~ >> e and i s  d e t e r m i n e d  by the n o n l i n e a r  e f f e c t s .  
Th i s  i s  a s s o c i a t e d  with the f ac t  tha t  the f r e q u e n c i e s  u n d e r  c o n s i d e r a t i o n  a r e  r e s o n a n c e  f r e q u e n c i e s  of  the  
l i n e a r  p r o b l e m .  We now w r i t e  Eq.  (18) in the f o r m  of a s e r i e s ,  u s ing  the  e x p a n s i o n  [3]: 

2(-1)  k r (~ ,+-~)  
b(0) == ~ bhcos(2k q- 1)0, bh = 

h=0 ]/% (4k- ' l )  F k~-T 

which g ives ,  in the c a s e  of m a t c h i n g ,  

(+) (7) e = b~ = --:C F '  r -'~ :~ t.23, 

b~ 
w = ~  os (0 (t - -  x) + Z --~o sin(2k+l)oJtsin(2k + l ) o ) x  . 

h ~ l  

(19) 

It i s  c l e a r  f r o m  Eqs .  (17), (19) that  the v a l u e s  of  e a r e  c l o s e  in  the  c a s e  of  m a t c h i n g .  

F o r  a r b i t r a r y  f r e q u e n c i e s  the p r o b l e m  (3), (4), (13) can be so lved  a p p r o x i m a t e l y  by the me thod  of h a r -  
m o n i c  b a l a n c e .  Th i s  p r o b l e m  p e r m i t s  a so lu t i on  which  c h a n g e s  s ign  when 0 i s  changed  to 0 + 7r [this can  be  
s een  i m m e d i a t e l y  in the p a r t i c u l a r  c a s e s  of E q s .  (14), (18)]. To f ind th is  so lu t i on  we se t  

whe r e  

w(l,t)=- ~ v . e  ~"*=: v(r Op=O--(p, u-~------~n, n=  + t, + 3 . . . .  ), 

~v i s  c h o s e n  so  that  

v(O) = o, --v(r  + :~) = v( , )  > 0 (0 < ~p < a). 

(20) 

(21) 
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We then f ind f r o m  Eqs .  (3), (20) and the f i r s t *  of condi t ions  (4) 

~== sinmta vrncosmcox---~-solralle cos mco (l  - -  X) ; 
/ / t  

W =:= ,~t sinmo) vr.sinmcox--.--f-e~l.,lie~"~ sinmco(t - - x )  . 
?It  

F r o m  the second  b o u n d a r y  condi t ion  (4) we have  

T 

(22! 

(2 3) 

We have f r o m  Eqso (20), (21), and c o m p a r i s o n  of the coef f i c ien t s  of Eqs .  (22), (23) 

vm cos mco - -  -~- ~tm,e ~ 2 sin mco . ~  ~ +-7-_ m' 
7t,~0 (24) 

Only the f i r s t  h a r m o n i c  is  taken into account  in  the h a r m o n i c  app rox ima t ion .  It fol lows that  vl = - i r  f r o m  the 
equat ion  v~ + v_ 1 = 0, and fo r  r e a l  r ,  r with m = 1 we have f r o m  Eq. (24) 

(t6/3~t)( sin co)r n -- /(cos co)r = (e/2)e~v. (25) 

Whence 

[(i6/3n)r "2 sin co ]-~ -~- r ~ cos ~ co ~- e~/4, ctg (p = --(t6/3zt)r tg co. 

When Eq~ (25) i s  taken in to  account ,  the f i r s t  h a r m o n i c  of the ve loc i ty  Eq. (22) is  equal  to 

( r  -]- (16/3n)r ~') sin(~p --  cox + co) ~ (r --(16/3n)r  2) sin(~p + cox - -  co). 

(26) 

F o r  r = 37r/16 we have match ing~  In this  ca se  f rom Eq. (26) e = 2r  = 3 v / 8  for  any wo The r e s u l t i n g  

Value of e co inc ides  with the exact  value Eq. (17), and d i f f e r s  only s l igh t ly  f r o m  Eq. (19). Thus  the h a r m o n i c  
app rox ima t ion  is  a c c u r a t e  enough~ 

F i n a l l y ,  we should note  the dependence  of ampl i tude  on f r e que nc y  for  d i f f e r e n t  va lues  of e. If e << 1, then 
the m a x i m u m  ampl i tude  is  ~. ~ and i s  a t t a ined  at  the r e s o n a n c e f r e q u e n c i e s  ~ = (1/2)Trn (n = 1, 3 . . . .  ), while 
the m i n i m u m  ampl i tude  is  .~ e at  the f r e q u e n c i e s  w = 7rn (n = 1, 2 . . . .  )o F o r  eN 1 the ampl i tude  is  only feeb ly  
dependen t  on w. F o r  e >>1 the m a x i m u m  ampl i tude  i s  ~ e2 and is  a t ta ined  at f r e q u e n c i e s  o~ = 7rn ( n = 1 , 2 ,  . . . ) ,  
while the m i n i m u m  is  ~ ~ and o c c u r s  at the r e s o n a n c e  f r e q u e n c i e s .  

The p r o p e r t i e s  of the ampl i tude  noted above are  connec ted  with the change (due to non l inea r i t y )  in  the 
v e r y  n a t u r e  of the bounda ry  condi t ion .  F o r  e - -  0 the end of the pipe is  a l m o s t  open (} l /w l  - -  0, s ince  w 1 - -  0), 
while for  e - -  o~ the pipe i s  a l m o s t  c losed .  F o r  i n t e r m e d i a t e  va lues  e ~ 1 a m a t c h i n g  r e g i m e  i s  achieved in  
which a wave of the fundamen ta l  f r equency  r e f l ec t ed  f r o m  the end is  absen t ,  and the ampl i tudes  of the h i g h e r  

h a r m o n i c s  a re  sma l l~  

This  t r e a t m e n t  of gas o s c i l l a t i o n s  in  a pipe with n o n l i n e a r  r e s i s t a n c e  al lows us  to make  the fol lowing 

r e m  a rks :  

1) the dependence  of the o sc i l l a t i on  ampl i tude  on f r e que nc y  changes  a p p r e c i a b l y  as the oxidat ion ampl i tude  
is  va r i ed  (in this  r e s p e c t  the m e a n - s q u a r e  r e s i s t a n c e  is  s t r o n g l y  non l i ne a r ) ,  

2) d i s t o r t i o n s  of h a r m o n i c a l l y  exci ted  o s c i l l a t i o n s  a re  r e l a t i v e l y  s m a l l  (hence a ma tch ing  r e g i m e  i s  pos -  
s ib le) ,  in this  r e s p e c t  the m e a a - s q u a r e  r e s i s t a n c e  is  weakly n o n l i n e a r .  
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* T h i s  condi t ion  is  e x p r e s s e d  in  Eq.  (22) by t e r m s  with the K r o n e c k e r  de l t a  5 m n .  
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THEORETICAL DESCRIPTION OF THE PHENOMENON OF 

LOSS OF FLUIDITY IN POLYMER LIQUIDS SUBJECTED TO 

INTENSIVE DEFORMATION 

Ao Io L e o n o v ,  ]~o Kho L i p k i n a ,  UDC 532.5:532.135 
a n d  A o N .  P r o k u n i n  

P o l y m e r  liquids display a number  of p rope r t i e s  c h a r a c t e r i s t i c  of solids:  s l ippage along the 
wall, the appearance  of c r acks  in the ma te r i a l  during flow, b r i t t l e  f r a c t u r e  under  tension, etc .  
The combination of these phenomena encountered in the flow of p o l y m e r s  through cap i l l a r i e s ,  
accompanied by a number  of other  effects  (osci l lat ions and waves on the su r face  of a jet  e m e r g -  
ing f r o m  a capi l la ry ,  c rys ta l l i za t ion  of p o l y m e r s  in a capi l la ry ,  etc.) ,  has  been r e f e r r e d  to in 
the l i t e r a tu r e  as "des t ruc t ion  of mel t . "  The bibl iography devoted to this question,  which is i m -  
por tan t  for  many  p o l y m e r - p r o c e s s i n g  methods ,  is  ve ry  extensive  (see,  f o r  example ,  [1]). The 
behav ior  of p o l y m e r  liquids has been observed  recent ly  f o r  me l t s  of p o l y m e r s  with a n a r r o w  
molecu la r -we igh t  dis t r ibut ion (MWD) [2, 3] for  conventional types of deformat ion .  In [4] the 
hardening effect  was studied for  the case  of the ext rac t ion  of polyoxyethylene f rom a tank by 
means  of a rota t ing d rum.  The length of the liquid jets  s o  obtained was as much as half  a 
mete r~  In the p re sen t  study we p ropose  a theoret ica l  descr ip t ion  of the above-ment ioned ef -  
fects  for  two of the si tuat ions m o s t  often found in p rac t ice :  s imple  shear  and s imple  tension. 

w A t h e o r e t i c a l d e s e r i p t i o n  of the phenomenon of loss  of fluidity in po lymer  liquids sad the i r  t ransi t ion 
to a highly e las t ic  s ta te  will be  cons idered  in the s imp le s t  t h r ee -cons t an t  nonl inear  model  of an d a s t o p l a s t i c  
medium of Maxwell ian type, p roposed  in [5], 

= --p8 ~- 2CW 1 = 2C-~II~ (II'j :-: c)W/~Ij); (1.1) 

Cv --Ce --eC-~-2C%(C) : : 0 .  spe-  0. tletC:-: 1: (1.2) 
%) =.: (2.2..(T))exp{--(~,'t~o)W~}l(C --5T,/3)W~.j - - ( C  -~ -- 5 [~/3) W.~,~I; (1.3) 

I~ ::= spC. [e -= spC '~, I.V : Po/(T, I~. /~), 211"~ = IV(Y,, (.,_) :- W([.,, /,); (lo4) 

D = ~ 4  exp I--  __l~ IV~}((I~I., --  9) (IV~IV~ ., -:- I,I ~tI'~.0 -{- 2 ( I ~ '  " -- 3I . , )W,W~, - I -2 ( I~  -- 3/,) W.,W~ .,}, (1.5) 
, [ I , I  . . . . . .  . , - , -  

w h e r e  C v = (a /a t  + v a a / a x a ) C  + o~C -Cwo 

Here  we give the rheological  equations of the model  (1.1)-(1.3) for  an i ncompres s ib l e  liquid in a C a r t e -  
s i ancoord ina te  sys t em;  a is  the s t r e s s  tensor;  p is  the i so t rop ic  p r e s s u r e ;  e is the t ensor  of deformat ion  ra tes ;  

i s  the vor tex  tensor ;  the s y m m e t r i c  pos i t ive-def in i te  t ensor  C r e p r e s e n t s  the e las t ic  deformat ion  (Finger 
measure )  accumulated during the motion of the e las t ic  liquid; ep  is  the tensor  of the i r r e v e r s i b l e  ra te  of de-  
format ion;  5 is the unit tensor ;  I t, 12 are  independent var ian ts  of the t enso r  C; f is the specif ic  f ree  eriergy; 
W is  the elast ic  potential;  D is the d iss ipa t ion  function; C V is the Jaumann  der iva t ive  of the t ensor  C with 
r e spec t  to t ime; and T is  the t e m p e r a t u r e .  

Moscow. Trans la ted  f r o m  Zhurnai  Prikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 4, pp. 86-93, Ju ly-  
August, 1976. Original ar t ic le  submit ted July  8, 1975. 

This material is protected by copyright registered in the name o f  Plenum Publishing Corporation, 227 West 17th Street, New York, N.Y. 10011. No part 
[of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, 
microfilming, recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $ 7.50. 

523 


